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Abst rac t - -We present some results on the symmetry group classification for an autonomous 
Hamiltonian system with three degrees of freedom. The potentials considered are natural, i.e., depend 
on the position variables only and the symmetries considered are Lie point symmetries. With the 
exception of the harmonic oscillator or a free particle where the dimension is 24, we obtain all 
dimensions between 1and 12, except 8. (~) 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In [1], the Lie point symmetry groups of a Hamiltonian system with two degrees of freedom were 
completely classified. In that case, a maximum dimension of 15 was obtained for a free particle 
and all dimensions between 1 and 7. We should clarify that we are dealing only with point 
transformations. In other words, the generators are functions of the dependent and independent 
variables; there is no dependence on the derivatives. This paper is a report on some recent 
work for three-dimensional systems. We will not present he full classification, which is quite 
extensive, but instead we will give a list of potentials for each dimension that appears, together 
with the corresponding symmetry group. The classification for a general ordinary differential 
equation of second order with one dependent and one independent variable goes back to [2]. Lie 
showed that the dimensions of a maximal admitted algebra take only the values 1, 2, 3, and 8. 
Lie actually gave a group classification of all arbitrary order O.D.E.s. In this way, he identified 
all equations that can be reduced to lower-order equations or completely integrated by group 
theoretical methods [3]. The problem of classifying symmetry groups for a system of differential 
equations is open. This is mentioned in [4] where some known facts are presented. Some results 
for linear systems of second-order ordinary differential equations can be found in [5]. 
We consider the motion of a particle of unit mass in three-dimensional space (ql, q2, qa) under 
the influence of apotent ia l  of the form V(ql, q2, q3). We will assume that the Hamiltonian is t ime 
independent. This is not really a restriction because a time-dependent -dimensional system is 
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equivalent to a time-independent (  + 1)-dimensional system by regarding the time variable as 
the new coordinate. We assume that the Hamiltonian has the form 
H(ql,q2,q3,Pl,P2,P3): 2P21 A-~p2-4-2P2q - V(ql,q2, q3). (1) 
Hamilton's equations, in Newtonian form, become 
OV 
q'~ = - Oq---~' i = 1, 2, 3. (2) 
We search for point symmetries of system (2). That is, we search for the infinitesimal trans- 
formations of the form 
t' = t + eT(t ,  ql, q2, q3) + O (e2) , (3) 
q~ = qi + eQi(t,  ql, q2, q3) + O (e2), i = 1,2, 3. 
Equations (2) admit Lie transformations of the form (3) if and only if 
r (2) {~ + vq,} = 0, i = i, 2, 3, (4) 
where r (2) is the second prolongation of 
r = T --° + Q~b~q~ + Q~__0 + Q3 0 
Ot Oq2 Oq3 " (5) 
For the reader who is unfamiliar with the definition and properties of Lie point symmetries, 
there are a number of excellent books on the subject, e.g., [6-9]. 
Equations (4) give three identities of the form 
E~(t, ql,q2,q3, qt,q2, q3) = O, i = 1,2,3, (6) 
where we have used that c1~ = ov -b'~q~ for i = 1, 2, 3. The functions El, E2, and E3 are explicit 
polynomials in ql, q2, and q3. We impose the condition that equations (6) are identities in seven 
variables t, ql, q2, q3, ~1, q'2, and q'3 which are regarded as independent. These three identities 
enable the infinitesimal transformations to be derived and ultimately impose restrictions on the 
functional forms of V, T, Q1, Q2, and Q3. 
After some straightforward calculations one can show, (see e.g., [10]) that the generators nec- 
essarily have the following form: 
3 
T=a(t) + ~bk(t)qk, 
k-~l 
3 3 
k----1 k=l  
i -- 1,2,3. 
(7) 
As in the case of two degrees of freedom, we obtain a maximum dimension of (n + 2) 2 - 1 = 24 
for a free particle and the other dimensions vary between 1 and n 2 q- 3 = 12. In this short note, 
we will not present in detail the structure of the Lie algebras that appear. Most of the systems 
in [1] are extended from two to three dimensions and completion of these two important eases will 
enable one to generalize in n dimensions. Connections with integrability will also be presented 
in a future paper. 
We should point out that there are symmetries other than point symmetries. One may allow 
the infinitesimals T, Qi to depend on t, qi and the derivatives of q~. Transformations of this type 
are commonly called Lie-B~icklund or generalized transformations. There is also the notion of 
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dynamical or contact symmetries (a subset of Lie-B/icklund transformations) where the generators 
are velocity dependent. 
In this paper, we have used the classical method of finding point transformations. This method 
may well overlook discrete symmetries such as simple reflections. Olver [8], cites the example 
-~ = xy+tan ~ which has no continuous symmetry et possesses a discrete reflection symmetry. 
d a There is also an example due to Englefield of equation ~x = 1/x-~x + 4(y2/x2) • It admits a 
discrete symmetry group which is cyclic of order 4. 
or 
2. CASE 1 
As was proved in [1], when bi(t) # 0 for some i, then the potential takes the form 
3 
v = (s) 
i=l 
3 
v = (9) 
i----1 
The symmetry group has maximum dimension. It is a 24-parameter g oup of transformations 
isomorphic to sl(5, It). When hi = 0 in (9), the potential energy is zero and we have a free 
particle moving in R 3. In this case, the generators take the following simple form: 
a(t) = c 1 + c2t -4- c~ 2, 
d,(t) = ~ + &d, (10) 
ca~ = ei + ct, 
cij = ~0, i # j. 
This dimension generalizes easily in the case of n degrees of freedom to (n + 2) 2 - 1. This 
dimension is in agreement with the results in [11], where upper bounds for the dimension of 
symmetry groups are obtained. The case of the harmonic oscillator has been studied in [12] where 
it is shown that the symmetry group for a time-dependent harmonic oscillator is SL(n + 2, R). 
3. CASE 2. b l ( t )  = b2(t) = b3(t) = 0 
At this point, it is natural to continue with the classification by considering the function a(t) 
and proceed according to a"(t) # 0 or a"(t) = O. 
We treat in detail the case a"(t) # O. In the next section, several examples of the case a"(t) = 0 
appear. For the case a(t) nonlinear the most general potential is 
V ~-- ~ (ql -4-q2 +q2)  -4- q2 \q l  ~'1_ " (11) 
The Lie algebra of symmetries i simple, three-dimensional. This potential generalizes to 
The potential 
°=o(  ,qo  + . . . .  021 
V = 2k=1 q l /  
A q2 q3] + V= ~ (q2.4_ .4 - 2X 1 @ (Alq2 - A2ql~ (13) 
(A lq3-AZq l )  2 \~1q3 A3ql ) 
gives a six-parameter g oup of symmetries. 
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By specializing the form of @ in (11) or (13), we obtain different symmetry groups. 
(i) 
A # v = ~ (q~ + q: + q~) + 
(ql 9- A2q2 9- A3q3) 2 
gives an 11-parameter g oup of symmetries. 
(ii) 
(iii) 
V = ~-- (q2 9- q2 9- q3 2) 9- ].~ eetan-1 q~/ql 
2 2 2 ql + q2 
gives a seven-parameter group of symmetries. 
(14) 
(15) 
A # ectan -1 qz/qz (16) 
U = 7 (qx 2+ q• + q~) + qi 2 + q~ + q~ 
gives a four-parameter group of symmetries for c # 0 and a six-parameter g oup for c = 0. 
There are other forms of • which give additional symmetries. For example, 
1 1 
v = q-~ + q~ + q: (17) 
gives a four-dimensional symmetry group. 
4. EXAMPLES 
In this section, we give examples for Case 2. In several of the examples a(t) is linear. We show 
that each dimension between 1 and 12 is obtained, except he dimension 8 which did not appear 
so far. 
EXAMPLE 1. We begin with one-dimensional symmetry groups. This is the dimension that 
appears most often. Most of the chaotic systems generally have a one-dimensional symmetry 
group. As was discussed in [13], there are examples of integrable systems which possess only one 
symmetry. This situation is also investigated in [14]. 
We will give an example where the potential is integrable. We take 
1 1 1 
V = ql 2 + 2q 2 + 3q 2 + - -  +- -  + - -  (18) 
ql q2 q3" 
This potential has only a single symmetry, o .  In the general case of n degrees of freedom, the 
potential 
~-~(iq~+ 1)  27 (19) 
i=l qi 
also has a one-dimensional symmetry group. 
A potential of the form fl(ql) 9- f2(q2) 9- f3(q3), where f~(qi) is not polynomial, exponential, 
or logarithmic gives a one-dimensional symmetry group. 
EXAMPLE 2. Let V(qa, q2, q3) = qiq2q3. The symmetry group is two-dimensional with generators 
T- -  Clt 9- c2, 
QI = -2Clql, 
Q2 = -2clq2, 
Q3 = -2exq3. 
(20) 
We remind the reader that the functions V, T, Qi refer to formula (7). 
The potential u1"3 9- u2"4 9- u3"s also has the same Lie algebra of symmetries. In general, the potential 
m n P ql 9-q2 9-q3 with m, n, p each different than 0, 1, 2 (and not all equal to -2)  has a two-dimensional 
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group of symmetries. A potential of the form fl(ql) -4- f2(q2) + f3(qa), where f i(qi) is exponential 
or logarithmic also gives a two-dimensional symmetry group. 
EXAMPLE 3. Let 
A At A2 As (21) 
v (qi,q ,q3)= (d + + + + 
For A = 1, the symmetry algebra is three-dimensional, isomorphic to so(3, It). The generators 
take the following form: 
T = Cl -~- C2 cos2t + (2 3 sin 2t, 
Q1 = (ca cos 2t - c2 sin 2t) ql, 
Q2 = (ca cos 2t - c2 sin 2t) q2, 
Q3 = (ca cos 2t - c2 sin 2t) q3. 
(22) 
For A = 0, we obtain a Lie algebra isomorphic to s/(2,it). In [15], the most general form of a 
differential equation invariant under the action of the generators of sl(2, R) is determined. 
EXAMPLE 4. Let 
V (ql, q2, qa) = 2ql 2+ q3 + q35. (23) 
"1  
The symmetry algebra is four-dimensional, nd the generators take the following form: 
T -- Cl, 
QI = c2ql -4- c3 cost A- c4 sint, 
= 0, 
Qs = o. 
(24) 
In general, the potential (1/2)ql 2 + q~ + q~n has the same symmetry group with the exception of 
some finite values of n, m, A potential of the form f ( r )  where r = via 2 + q2 + q2 gives generically 
a four-parameter g oup of symmetries. This dimension generalizes to (1/2)(n 2 - n + 2). 
A potential of the form f l  (ql)+ f2 (q2) where fi (qi) is not polynomial, exponential, or logarith- 
mic gives a four-dimensional symmetry group. A potential of the form f (q l ,  q2) generally gives a 
four-dimensional symmetry group. 
logarithmic. 
EXAMPLE 5. Let 
The exceptions occur when f is polynomial, exponential, or 
V (ql, q2, qa) = q~ + q23. (25) 
In this case, the Lie algebra of symmetries i five-dimensional, and the generators take the 
following form: 
T = Cl + c2t, 
Q1 = -2c2ql, 
Q2 = -2c2q~, (26) 
1 
Q3 -- ~(c2 -4- c3)q3 -4- c4 +Cht. 
The potential (ql 2 + q2 + q2)n for n # -1, 0, 1 also has a five-dimensional algebra of symmetries. 
The generators depend on n 
T = cs + C1~, 
1 
Q1 = ~Clq l  +c2q2+c3q3,  
1 -n  
1 
Q2 = -c2q2 + ~_nc lq2+c4q3,  
1 
Q3 = -c3ql  - c4q2+ clq3. 
1 -n  
(27) 
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This example generalizes in p n to an algebra of symmetries whose dimension is (1/2) (n 2 -n  + 4). 
The Lie algebra is a direct sum of a two-dimensional non-Abelian Lie algebra with so(n, R). 
The potential ql/q2 also has a five-dimensional group of symmetries. Generally, a potential of 
the form qNf(ql/q2) has a five-dimensional group of symmetries. 
A potential of the form f(q2 + q2) generically gives a five-dimensional group of symmetries. 
EXAMPLE 6. Let 
1 1 
V(ql, q2, q3) = q~- + q-~. (28) 
The symmetry algebra is six-dimensional, and the generators take the following form: 
T : a ( t ) ,  
1 , 
Q1 -=- -~a(t) ql, 
1 , (29) 
Q2 = -~a(t) q2, 
Qa = ( la( t ) '  + c4) q3 + c5 + c6t, 
where a(t) = cl + c2t + cat 2. The potential V(ql, q2, q3) = 1/(q~ + q2 + q2) has a six-dimensional 
symmetry algebra isomorphic to s/(2, R) ~ so(3, R). 
EXAMPLE 7. Let 
V(ql, q2, q3) -- lq12 + q3. (30) 
1 V (q,,q2, q3) = lq  2 -4- q-~l" 
The symmetry algebra is nine-dimensional, nd the generators take the following form: 
T = Cl, 
Q1 --0, 
Q2 = c2q2 + c3q3 + ca + c5t, (33) 
Qa = c6q2 -[- c7q3 -4- C8 -~- c9t .  
A potential of the form (1)(A1ql + A2q2 + A3q3) where (1) is arbitrary (but not exponential, loga- 
rithmic, or a power) has a nine-dimensional symmetry group. This dimension generalizes to n 2. 
We also mention the potential 
V(ql,q2,q3) = lq~ + ~q~ +q3 (34) 
(32) 
In this example, the Lie algebra of symmetries i seven-dimensional: 
T=Cl ,  
Q1 = c2ql + c3 cost + c4 sint, 
Q2 = 0, (31) 
Q3 -= c5q3 + c6 -.[- cTt. 
The potential (1/2)ql 2 + 1/q 2 gives precisely the same generators and the same symmetry group. 
The potential (1/2)q 2 + 2q 2 + q3 also has a seven-dimensional symmetry group. 
EXAMPLE 8. We did not obtain any symmetry group of dimension 8. In the case of two degrees 
of freedom, we did not obtain that dimension either. However, in higher dimensions we do obtain 
eight dimensional algebras. For example, in the case of four degrees of freedom, the potential 
V(ql, q2, q3, q4) = (q2 + q2 + q2 + q2)3 has an eight-dimensional group of symmetries. 
EXAMPLE 9. Let 
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with generators: 
In general, the potential 
T = Cl~ 
Q1 = c2ql + c3q2 + c4 cost + c5 sint, 
Q2 = c6ql + c7q2 + cs cost + c9 sint, 
Qz = O. 
(35) 
k 1 2 ~-~ 3 
v(q l , . . . ,  q,,) = + ,_. ,  qj (36) 
j= l  j=k+l 
has a (k + 1)2-dimensional group of symmetries. Therefore, taking k = 1, 2 , . . . ,  n - 1, we obtain 
all the dimensions 22, 32,. . . ,  n 2. 
EXAMPLE 10. Let 
V(ql, q2, q3) = ql 3. (37) 
This potential which is separable, with two variables missing, has a ten-dimensional symmetry 
group: 
T = Cl + c2t, 
Q1 = -2c2ql, 
Q2 = c3q2 + c4q3 + c5 + c6t, (38) 
Q3 = c7q2 + CSq3 + c9 + clOt. 
The potential qk has a symmetry algebra of the same dimension for all but finite values of k. 
This dimension generalizes to n 2 + 1. A potential of the form ¢(Alql + A2q2 + A3q3) where 
is exponential, ogarithmic, or a power gives a ten-dimensional symmetry group. The potential 
q3 ~ + Aqlq2 gives a ten-parameter g oup of symmetries for A ~ 2. For A = 2, we obtain a 
12-parameter group of symmetries. 
symmetries for A ~ 1. 
EXAMPLE 11. Let 
The potential ql 2 + Aq~ also has a ten-parameter g oup of 
1 
V(ql,q2,q3) = ~q"~" (39) 
The symmetry algebra is ll-dimensional, and the generators take the following form: 
T = Cl + c2t + C3 t2, 
Q2= ~c2+ca +c4 q2+csq3+c4+cTt ,  
(1 ) 
Q3 = csq2 + c2 + cat + e9 q3 + ClO + Cllt. 
This example generalizes in n dimensions to n 2 + 2. 
EXAMPLE 12. Let 
1 2 
V(ql, q2, q3) = ~ql" (41) 
This is a potential that gives a maximum dimension for case 2. The dimension is 12: 
T = Cl, 
Q1 = c2ql -}- (?-3 COSt -{-- C4 sint, 
Q2 = c5q2 + c6q3 + c7 + cst, (42) 
Q3 = c9q2 + cloq3 + Cll + Cl2t. 
This example generalizes in n dimensions to n2+ 3. See [1] for the proof. The potential (1/2)ql 2 + 
(1/2)q~ also has a 12-dimensional symmetry group. 
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